The nonnegative inverse eigenvalue problem (NIEP) is: given a family of complex numbers σ = {λ 1 , . . . , λ n }, find necessary and sufficient conditions for the existence of a nonnegative matrix A of order n with spectrum σ . Loewy and London [R. Loewy, D. London, A note on the inverse eigenvalue problems for nonnegative matrices, Linear and Multilinear Algebra 6 (1978) 83-90] resolved it for n = 3, and for n = 4 when the spectrum is real. In our way of handling the NIEP, we focus our attention on the coefficients of the characteristic polynomial of A. Thus, the NIEP that we consider is: "given k 1 , k 2 , . . . , k n real numbers, find necessary and sufficient conditions for the existence of a nonnegative matrix A of order n with characteristic polynomial x n + k 1 x n−1 + k 2 x n−2 + · · · + k n ". The coefficients of the characteristic polynomial are closely related to the cyclic structure of the weighted digraph with adjacency matrix A. We introduce a special type of digraph structure, that we shall call EBL, in which this relation is specially simple. We give some results that show the interest of EBL structures. We completely solve the NIEP from * Corresponding author. Fax: +34 983 183 816.
the coefficients of the characteristic polynomial for n = 4. We also solve a special case of the NIEP for
Introduction
First we consider the nonnegative inverse eigenvalue problem (NIEP): given a family of complex numbers σ = {λ 1 , . . . , λ n }, find necessary and sufficient conditions for the existence of a nonnegative matrix A of order n with spectrum σ . As Johnson [8] said "This is an intriguing and difficult problem, the resolution to which appears to be far from known".
Necessary conditions for σ to be the spectrum of a nonnegative matrix A of order n are:
(C1) σ is closed under the complex conjugation; (C2) the spectral radius ρ of A is in σ ; (C3) the moments of all the orders are nonnegative; where the moment of order k of σ is the number
Loewy and London [12] in 1978, and Johnson [8] independently in 1979, put forward another transcendental necessary condition for studying the NIEP: It is well known, Friedland [6] , that the condition (C3) implies that the spectral radius of A is in σ . Loewy and London [12] 
with the moments s k of the eigenvalues to show that (C3) implies that σ is closed under the complex conjugation. Consequently, the necessary conditions in the NIEP can be reduced to (C3) and (C4). Recently, Holtz [7] gave new necessary conditions, Newton's Inequalities: 
Holtz proves that the conditions (C3) and (C4) and (C5) are mutually independent.
On the other hand, Suleimanova, Brauer and Perfect (1949 Perfect ( -1955 introduced seminal geometric and algebraic techniques to deal with this problem. These techniques have provided the basis for dozens of articles over the last 50 years that have proposed many sufficient conditions with weak mutual implications. Most such conditions only consider the case where the spectrum is real. Those given by Kellogg [9] in 1971 and Salzman [17] in 1972 stand out. In the last 10 years, the necessary condition of Johnson-Loewy-London has been efficiently exploited to advance the solution to the NIEP in very particular cases, with sufficient conditions that can be expressed by means of relations between moments of different orders. Thus, Reams [15] in 1996 resolved the NIEP for matrices of order 4 and zero trace and gave a sufficient condition for matrices of order 5 and zero trace. Later, Laffey and Meehan [11] in 1999 resolved the problem for matrices of order 5 and zero trace. Borobia [2] improved Kellogg's condition in 1995 and Soto [18] in 2003 generalized Salzman's sufficient condition. Rojo and Soto [16] and Borobia, Moro and Soto [3, 19] have made the most recent contributions to the NIEP.
However, these sufficient conditions seem to be far from the known necessary conditions. If complete characterizations of this problem are to be looked for, little is known. The NIEP is trivial for n 2. In 1978, Loewy and London [12] resolved it for n = 3 (see our Section 4), and for n = 4 in the particular case where the spectrum is real. The general case for n 4, at present, remains open. 3 Other significant contributions related to the NIEP: in 1991 Boyle and Handelman [4] studied the families of nonzero complex numbers, which are the nonzero portion of the spectrum of a nonnegative matrix. They characterized the nonzero spectra of primitive matrices using symbolic dynamics. A problem, which remains open, is to find the minimum number of zeros to add, or failing that, a good lower bound. In 1997, Wuwen [20] set bounds to the minimum value of the spectral radius of a collection of complex numbers, that is closed under the complex conjugation, realizable as the spectrum of a nonnegative matrix; this minimum remains to be found.
In our way of handling the NIEP, a nonnegative matrix will be seen as the adjacency matrix of a weighted digraph. We shall not focus our attention directly on its spectrum but on the coefficients of its characteristic polynomial. Thus, the NIEP that we consider can be described as follows:
"given real numbers k 1 , k 2 , . . . , k n , find necessary and sufficient conditions for the existence of a nonnegative matrix of order n with characteristic polynomial x n + k 1 x n−1 + k 2 x n−2 + · · · + k n ".
We shall say that such a polynomial P (x) is realizable and that the nonnegative matrix with characteristic polynomial P (x) is a matricial realization of the polynomial. The coefficients of the characteristic polynomial are closely related to the cyclic structure of the weighted digraph associated to the matrix A, as established by the Coefficient Theorem (see Section 2). Our purpose is to introduce tools that allow us to relate the information contained in the cyclic structure of the digraph associated with A to the coefficients of its characteristic polynomial. To achieve this we shall introduce a special type of digraph structure, that we shall call EBL, in which the desired connections are specially simple. This relation between the cyclic structure and the coefficients of the characteristic polynomial, which is workable thanks to the EBL digraphs, is the basis of the results obtained that, for n = 4, completely resolve the NIEP.
The coefficients of the characteristic polynomial have been taken into consideration very little in the context of the NIEP. Apart from its use as a proof tool already mentioned in [12] , Perfect and Mirsky [14] in 1965 characterized the polynomials of degree three that are characteristic polynomials of doubly stochastic matrices.
The rest of this paper is organized as follows:
In Section 2, we introduce basic concepts, notations and results used in this paper. In Section 3, we give some necessary conditions for the nonnegative matricial realization of a polynomial of degree n. In particular, in Theorem 3, necessary and sufficient conditions are given for the coefficients k 1 , k 2 and k 3 so that a polynomial of the form x n + k 1 x n−1 + k 2 x n−2 + k 3 x n−3 + · · · can be realizable.
In Section 4, we specify the solution in the cases n = 2 and n = 3. In Section 5, we introduce the EBL digraphs and matrices. We give two general results that show the interest of these structures and we give an explicit procedure to transform, in the cases n = 3 and n = 4, any matricial realization into an EBL realization.
In Section 6, we solve the NIEP from the coefficients of the characteristic polynomial for the case n = 4.
In Section 7, we solve the NIEP in the case n 2p + 1 with k 1 = · · · = k p−1 = 0 and p 2, which includes the case n = 5 when k 1 = 0 solved by Laffey and Meehan [11] .
Preliminaries and notations
In this paper we will use some standard basic concepts and results about square nonnegative matrices such as reducible, irreducible, Frobenius normal form of a reducible matrix, irreducible component and Frobenius Theorem about the spectral structure of an irreducible matrix as they have been described in [1] .
By a weighted digraph G, or simply digraph, we mean a triplet (V , E, w) where V is a nonempty finite set, E ⊂ V × V and w: E → R + is a positive real map on E. The elements in V and E are called vertices and arcs respectively; the values of the map w are called weights.
The adjacency matrix of a weighted digraph (V , E, w) with V = {v 1 , . . . , v n } is the matrix A subdigraph of (V , E, w) is a digraph (V , E , w ) with V ⊂ V , E ⊂ E and w = w |E . The subdigraph will be called an induced subdigraph when E = E ∩ (V × V ). 
Coefficient Theorem for weighted digraphs: Let G be a weighted digraph, A its adjacency matrix and P G (x)
When r = 1 we will put
that is the weight of the 1-cycle or loop at vertex v i . 
Hence, for P G (x) = P A (x) = x n + k 1 x n−1 + · · · + k n , we have
3. Necessary conditions
Proof. The result is clear for n = 1, 2. When n > 2, it can be proved by induction over n writing P (x) = P 1 (x)P 2 (x), with P 1 (x) and P 2 (x) polynomials verifying the hypothesis of the proposition and with degree lower than n. Now the Leibniz formula for the derivative gives the result.
Corollary 2. Let P (x)
be the characteristic polynomial of a nonnegative matrix of order n with spectral radius ρ. Then, ∀x > ρ, P (j ) (x) > 0, for j = 0, 1, . . . , n.
Theorem 3. Let P (x) = x n + k 1 x n−1 + k 2 x n−2 + · · · + k n be the characteristic polynomial, of degree n 3, of a nonnegative matrix A. Then:
Moreover, given k 1 , k 2 and k 3 verifying the above conditions there exists a nonnegative matrix of order n whose characteristic polynomial is of the form
where Q(x) = 0 if n = 3 and a polynomial of degree lower than or equal to n − 4 if n > 3.
Proof. (a) k 1 = −tr(A) 0 because A is a nonnegative matrix.
(b) Using the Coefficient Theorem and (10), for a fixed k 1 , the maximum value of k 2 is obtained when there are no 2-cycles and the weight of the loops is equally distributed, that is c ij = 0, for i / = j , and
(c) Again, using the Coefficient Theorem and the expressions (9)- (11), for fixed k 1 and k 2 , the maximum value of k 3 is obtained when there are no 3-cycles and the weight of all 2-cycles is focussed on 2-cycles connecting two vertices with loops of lowest weight. Without loss of generality we can assume l 1 l 2 · · · l n , and so we can take c ij = 0 for (i, j ) / = (1, 2). Let
and note that
Then we have
From the above expressions of k 1 and k 2 we obtain:
This allows us to express k 3 as:
Because
we have the following expression:
Let us now see that for s ∈ − n−2 n k 1 , −k 1 , see (17) , the function
attains its maximum on the set
The maximum exists because the function H [s] is continuous and B is a compact set. Let us assume this maximum is attained at a point (l 3 , . . . , l n ) with l i < l i+1 , for some i < n. Put
which contradicts the assumed maximum. Now, if we replace l 3 , l 4 , . . . , l n by s/(n − 2) in the expression of k 3 obtained in (22) we have:
Let
and let l k max 3 n be the value of l n where k max
and
which proves condition (c).
Finally, given k 1 , k 2 and k 3 verifying (a)-(c), the nonnegative matrix ⎛
has its characteristic polynomial of the form
Let us assume that the polynomial P (x) = x n + k 1 x n−1 + · · · + k j x n−j + · · · + k n is realizable. A frequent objective throughout this paper will be to try to maximize the coefficient of degree n − j as a function of the coefficients of higher degree maintaining the realizability for a polynomial of degree n with equal k 1 , . . . , k j −1 as P (x). This maximum, which is attained in the cases considered, will be denoted by k max j (k 1 , . . . , k j −1 ). Note that this maximum expression depends on the degree n of the polynomial. The proof of the previous theorem clearly shows this dependency on n: Proof. We know, from Corollary 2, that P (ρ) 0. If P (ρ) = 0, the result is true (see Corollary 2). When P (ρ) > 0, in some neighbourhoods of −ρ and ρ we have |P (x)| > P (y) > 0. Now, this combined with the Mean Value Theorem gives the result.
The cases n = 2 and n = 3
Theorem 3 can be extended to the case n = 2.
Then the following two statements are equivalent:
is the characteristic polynomial of a nonnegative matrix;
(ii) the coefficients of P (x) satisfy the following conditions:
Further, when (i) and (ii) hold, a matricial realization for P (x) is
where
Theorem 3 for the case n = 3 provides the following characterization:
(ii) the coefficients of P (x) verify the following conditions:
Moreover, when (i) and (ii) hold, a matricial realization for P (x) is
(37)
Remark 7.
Observe that the digraphs associated to the realizations given in the previous theorems can be represented as Remark 8. When n 3 the graph of the polynomial function P tells us if the polynomial is realizable or not.
-Condition (a) says that the x-coordinate of the inflexion point −k 1 /3 is in the interval [0, +∞).
we have a horizontal tangent at the inflexion point when k 2 is maximum and the slope of this tangent decreases with the distance of k 2 to k 2 1 /3). -Condition (c) says that the graph of P (x) is obtained by pulling down the graph of
Reciprocally, if the graph of a realizable polynomial is moved up, we get a realizable polynomial until its spectral radius ρ either becomes a multiple root or ρ and −ρ become roots. Above these situations we will go against Corollary 2 or Proposition 4, respectively.
Loewy and London, see [12] , proved that given a family σ = {λ 1 , λ 2 , λ 3 } of complex numbers, the following conditions
are necessary and sufficient for σ to be the spectrum of a nonnegative matrix of order 3.
Corollary 9.
Let σ = {λ 1 , λ 2 , λ 3 } be a family of complex numbers such that σ =σ and let (38), (40), (41)) and (a)-(c) (see (34)- (36)) are equivalent.
the sets of conditions (L1), (L3) and (L4) (see

EBL digraphs and matrices
The matrices given in the above sections to obtain particular realizations share the characteristic of being nonnegative lower Hessenberg matrices with ones in the supradiagonal. These matrices and their associated weighted digraphs are an important tool which, together with the Coefficient Theorem, allows us to obtain results about realizability.
Definition 10.
Let G = (V , E, w) be a digraph with V = {v 1 , . . . , v n }. We shall say that G is an EBL digraph (from the Spanish Estructura Básica Lineal, i.e., lineal basic structure) if
. . , n − 1. We shall say that a matrix is EBL if it is the adjacency matrix of an EBL digraph. We shall say that a polynomial has an EBL realization or is EBL realizable when it is the characteristic polynomial of an EBL matrix, or equivalently, of an EBL digraph. 
Note that the weights of the existing 2-cycles in the EBL digraph occupy the first subdiagonal of the EBL matrix, the weights of the 3-cycles the second subdiagonal, etc. We shall now look at some results about realizability in whose proofs EBL digraphs are used.
and let G be the associated digraph with vertices {v 1 , . . . , v n }.
We shall prove, by induction over n, that given 1 0 and an integer i with 1 i n, the polynomial P (x) − 1 x n−i is EBL realizable by a matrix of the form
where we have just modified the entries (r, 1) of A, for r = i, . . . , n, by
The result is clear for n = 1. In the general case, we shall reach a linear system of equations in the unknowns j , for j = 2, . . . , n − i + 1, whose solution is nonnegative.
Let A j be the square submatrix of A formed by its last n − j + 1 rows and columns and let C i,j be the coefficient of x n−j +1−i of the characteristic polynomial of A j . The Coefficient Theorem and the particular structure of the digraph G allow us to obtain the equality
Note that the indices i and j must verify 1 i, j n and i + j n, because the last summand C i,j +1 of (45) includes the contribution of the i-cycle v j +1 v j +2 · · · v j +i v j +1 , which requires the existence of the vertex v j +i . We extend this equality for C i,n−i+1 by putting
Let us return to the matrix (44). As the incorporation of 1 reduces the coefficient k i of x n−i by 1 but increases the coefficient k i+1 of x n−i−1 by 1 (a i+1,i+1 + · · · + a nn ), then 2 must be
Similarly, having fixed 1 and 2 , the fitting of the coefficient of x n−i−2 to the value of k i+2 means that
In general, we have
To show that j +1 0, 1 j n − i, the first j equations of (49) are matricially written as follows ⎛
. . .
Cramer's rule assures that
Applying (45) on the last column of the matrix from (51) and using elementary properties of the determinants we obtain
Observe that we have a nonnegative "residual term" 1 a i+j, i+1 . In what follows we shall group the nonnegative values of the different nonnegative residual terms that we have and we shall denote them by "NRT ". Note also that if i + j = n, then the entry (j, j ) of the matrix from (52) is C j,i+2 = 0 because of (46). To abbreviate the expressions that will appear, for a vector v ∈ R j , we denote by S k (v) to the matrix of size j × j where
is the q-column, for k + 1 q j − 1, and
is the j -column. Now we rewrite the columns, successively from the first to the penultimate, with a similar process to the one realized from (51) to (52). Realizing this process to the columns 1, . . . , k − 1 we obtain
Now, applying the equalities (45) to the entries of the k-column on the matrix from (56), we have
Note that changing over the k-column and the j -column we get
which is nonnegative by analogy with (51) and by the induction hypothesis. Hence it is included in NRT and we can write
With respect to (51), we have increased by one the indices of the columns and we have also added the summand NRT . Then, repeating the whole process we get to a point where i + j + 1 > n and the last row of the corresponding matrix from (59) is zero, thus only NRT remains.
Theorem 12.
Given k 2 , k 3 , . . . , k n real numbers, then there exists a real number k 1 such that
Proof. We shall see how, taking −k 1 sufficiently large, it is possible to find an EBL realization of P (x) of the type
In this EBL digraph the only cyclic structures with r vertices are CS 1(r−1) and CS r . Now a i denotes the weight of the only i-cycle (which connects the vertices v 1 , v 2 , . . . , v i ). Identifying the coefficients of P (x) with those of the characteristic polynomial of the matrix given in (60) we have
This linear system can be rewritten as
The result follows taking −k 1 sufficiently large.
EBL realizations for n = 3
In Section 4, we proved that any realizable polynomial of degree 2 or 3 has an EBL realization. Let us see that for a realizable polynomial of degree 3, it is possible to find an EBL realization by modifying a known realization.
Without loss of generality, a nonnegative matricial realization of the polynomial
with increasing diagonal l 1 l 2 l 3 can be used as a starting point. We will now build an EBL realization of P (x) with the same loops, so that k 1 is not modified. According to the Coefficient Theorem
c ij where c ij = a ij a ji (64)
c ij q where c ij r = a ij a jr a ri .
In order to preserve k 2 , the sum of the weights of the 2-cycles must be preserved. As for k 3 , the key is in the summand referred to CS 12 . To avoid loss of positivity of this summand, we focus the weights of the 2-cycles at the entry (2, 1) of the EBL matrix, and therefore opposite the biggest loop, thus maximizing the contribution of this summand to k 3 . To adjust k 3 it is enough to add the necessary weight of the 3-cycle. The EBL matrix obtained is then ⎛
Similar ideas to these can be used for n = 4, as we shall see below.
EBL realizations for n = 4
Proceeding as in the case n = 3, given a realizable polynomial P ( 
with l 1 l 2 l 3 l 4 , we shall find an EBL realization of P (x). In accordance with the Coefficient Theorem
c ij , We shall proceed with the following criteria:
1. Preserve the loop weights and the sum of the 2-cycle weights of the original realization. 2. Concentrate the 2-cycle weights in such a way that there is no loss of positivity in the summand referred to CS 12 . 3. Concentrate the 2-cycle weights in such a way that the possible loss of positivity in the summand referred to CS 22 is compensated for by the disappearance of 4-cycles in the summand referred to CS 4 .
In order to see how to apply the third of these criteria, let us suppose that the 2-cycle weights c ij , c jq , c qr and c ri (Fig. 1 ) are all positive in the initial realization. Thus the summands corresponding to CS 22 and to CS 4 will also be positive. If any of these 2-cycles are suppressed in the concentration of the 2-cycle weights, a loss of negativity occurs in the summands referred to CS 4 because of the disappearance of the 4-cycles (see Figs. 2 and 3) .
The following lemma gives a lower bound for this loss of negativity. 
it is enough to bear in mind that the map x + c/x with c > 0 attained its minimum in (0, +∞) at the point x = √ c and that this minimum value is 2 √ c.
This means that, on moving the 2-cycle weights, the "large" pair of 2-cycles should be kept opposite each other so that loss of positivity produced by the cancelling of some 2-cycles will be compensated for by the loss of negativity in the corresponding 4-cycles.
The pattern of behaviour just described in order to respect the third of the criteria set out at the beginning of the section, leads us to give the EBL realizations separately in three cases, depending on what the "large" pair in the CS 22 is, as can be seen in the proof of the following result. Remark 16. The 4-cycles only affect the independent term of the characteristic polynomial. So, if we are interested in obtaining the maximum k 4 , given k 1 , k 2 and k 3 , then we can assume EBL realizations with the entry (4, 1) zero.
Theorem 14. Every realizable polynomial of degree 4 is EBL realizable.
Proof. Let P (x)
= x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 4 bed 3 = c 34 , t = CS 3 c ij q + c 13 (l 3 − l 2 ) t 13 + c 14 (l 4 − l 2 ) t 14 + c 23 (l 3 − l 1 ) t 23 + c 24 (l 4 − l 1 ) t 24 ,(70)and t and the k 4 of the given polynomial. The expression [e.1] is nonnegative because: (1) c 12 c 34 < d 1 d 3 by definition of d 1 and d 3 , and (2) c 23 c 14 c 1234 + c 1432 and c 13 c 24 c 1243 + c 1342 by the above lemma and because, in this case, c
The case n = 4
Given a polynomial, P (x) = x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 4 , Theorem 3 gives necessary conditions over three of its coefficients for P (x) to be realizable: 
Proof. Let us see that there exists an EBL matrix, see Theorem 14 and Remarks 15 and 16, ⎛
whose characteristic polynomial has the desired k 4 . From the Coefficient Theorem we know
which means that given k 1 , k 2 and k 3 the entries of the above EBL matrix are bounded. This assures the result because the determinant, k 4 , is a continuous function of the entries of the matrix.
Given a realizable polynomial P (x)
= x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 4 ,
its inflexion points have x-coordinates, that we denote by x li (left inflexion) and x ri (right inflexion), with values
We call the real number −k 1 /4 the centre of the polynomial P (x), that is, the midpoint of the segment that joins the x-coordinates of the inflexion points of the polynomial. The Taylor expansion of P (x) at its centre
shows that the position of the graph of P (x) is determined by −k 1 /4 and its shape by the values
The inequalities given in (76) have the following graphical implications:
-The condition k 1 0 means that the centre of the polynomial is in [0, +∞).
-The condition k 2 k max 2 (k 1 ) means that P (x) has two inflexion points (equal when k 2 = k max 2 (k 1 )) and that the distance between their x-coordinates depends on (81). -The condition k 3 k max 3 (k 1 , k 2 ) means that the slope of the tangent at the centre is smaller than a bound. When this tangent is horizontal the graph of P (x) is symmetric with respect to the line x = −k 1 /4 and we shall say that P (x) is balanced.
Definition 18.
We say that a realizable polynomial P (x) = x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 4 is balanced or in equilibrium when P (−k 1 /4) = 0 and we denote by k eq 3 (k 1 , k 2 ) the value of the coefficient of x of this polynomial, that is,
The expression (83) allows us to rewrite the k max
Note that
Our objective is to obtain the value k max 4 (k 1 , k 2 , k 3 ) and it will be given as the determinant of a particular matricial realization.
In what follows, when there is no doubt from the context, we will omit the dependency of functions such as k max 2 , k eq 3 or x li from the coefficients. Let us see some restrictions about the choice of the diagonal elements of nonnegative realizations of polynomials of degree 4 and some results related to these restrictions.
The necessary conditions given in (76) say that the loop weights l i are bounded by −k 1 . When k 2 > 0 we have more restrictions on the choice of these weights because the positivity of k 2 only comes from CS 11 . Without being precise, for k 2 close to k max 2 (k 1 ) the loop weights will be close to being equally distributed. The next result specifies these ideas.
Lemma 19. Let P (x)
= x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 4 be a realizable polynomial with k 2 > 0.
Then, with the introduced notations, the loop weights l i of any realization of P (x) must verify
Proof. According to the Coefficient Theorem
Let us assume l 4 = max 1 i 4 {l i }. Note that l 4 −k 1 /4 and that f 2 (l 1 , l 2 , l 3 ) attains its maximum when l 1 = l 2 = l 3 . Then we have
The result follows by solving the equation
In what follows we denote the largest loop weight of any realization with fixed k 1 and k 2 by l max (k 1 , k 2 ) , so from the above result
The value l max (k 1 , k 2 ) will be significant in the study of k max
be a realizable polynomial with two non real complex roots.
(
1) If r is a double real root of P , then any matricial realization of P , EBL or not, has r as a diagonal element, and therefore
(2) If the two real roots of P are larger than l max (k 1 , k 2 ), then P only admits irreducible realizations.
Proof. The existence of two non real complex roots implies that the Frobenius normal form of any matricial realization must have an irreducible component of size greater than or equal to 3.
(1) By the Frobenius Theorem, P can only have reducible realizations with irreducible components of sizes 3 and 1. The component of size 1 is r and, therefore, r is a diagonal element of any realization of P .
(2) If P has a reducible realization, then P has an irreducible component of size 1 and none of its real roots is sufficiently small to be the diagonal element of this component.
Theorem 21. Let k 1 , k 2 and k 3 verify the necessary conditions (76) and let P (x)
be an EBL realization of P (x). For each δ > 0 the nonnegative matrix ⎛
has characteristic polynomial
These polynomials verify
Letk 3 < k 3 . Because
Let us assume that
be an EBL realization of P (x) and let
Let Q * k 3 −k 3 (x) and P * (x) be the characteristic polynomials of the matrices
respectively. Note that these matrices have been obtained from the EBL matrices of Q k 3 −k 3 (x) and P (x), respectively, when reducing the 3-cycle weight for t min . We have
If
= P which contradicts the above inequality (103).
If t min < k 3 −k 3 , then t min =t and hence P * admits the symmetric realization ⎛
which guarantees that all the roots of P * are real. Note that the weights of cyclic structure corresponding to realization (100) are equal to the weights of cyclic structure corresponding to realization (104).
, it follows from (103) and (96) (97) gives
, for all x ∈ R. Finally, the result follows from (95).
The study of k
We will study the value k max 
with c 0, in both cases. The second type is only possible when k 2 = k max 2 (k 1 ) or k 1 = 0. Note that every EBL realization corresponding to k max 4 must have c = 0. First of all we study the case k 1 < 0 and k 2 < k max 2 (k 1 ), so we have realizations of the type (105). The EBL realization corresponding to k max k 2 ) ) must have the weights of the loops verifying l 1 = l 2 . Figs. 4 and 5 show the two possible general shapes of the graph of a realizable polynomial of degree 4 in this situation. The band between the inflexion points has been shaded.
For k 2 > 0, both inflexion points are in the semiplane x > 0 and the right local minimum has overlapped the right inflexion point. In this case, x ri is the spectral radius and is a triple root of P (x).
For k 2 0, the left inflexion point is in the semiplane x 0 and the graph of P (x) is characterized for being tangent to the x-axis at the local maximum (attained at −k 1 /2) and for having ρ and −ρ as roots, where
is the spectral radius.
Finally we study simultaneously the cases k 1 = 0 and k 2 = k max 2 (k 1 ), so we have realizations of the type (106), because in this situation all the loop weights are equal. This means that all the loops have minimum weight. An EBL realization for k max 3 (k 1 , k 2 ) can have the weights of the 2-cycles, d 1 , d 2 and d 3 , arbitrarily distributed. The EBL realizations for k 4 (108)
If we want to make k 3 smaller, then the corresponding EBL realization has the entry (3,1) non zero because the 2-cycle weights are determined by k 2 and any distribution of these weights keep us in the case k max 3 (k 1 , k 2 ) because the loop weights are equally distributed. Hence, the only way of making k 3 smaller is by increasing the weight of the 3-cycles. The realization corresponding to
The expression of k max 4 in the frontier situation that we are studying is
Figs. 6 and 7 show graphs of polynomials with k max 4 and several values of k 3 . Note that all the polynomials drawn in Figs. 6 and 7 have the same value at the centre and that the condition of having k max 4 is not deduced from their graphs but from their realizations. 
This value k lt 3 (k 1 , k 2 ), lt from last tangency, is the value of k 3 for which the right local minimum is attained at l max (k 1 , k 2 ).
As we see in Fig. 8 , and as we prove in the next theorem, the polynomials corresponding to k max 4 have their spectral radius as double root (triple when k 3 = k max 3 ) until k 3 = k lt 3 . For k 3 > k lt 3 , the polynomials corresponding to k max 4 are characterized by having their smaller real root equal to l max .
The next theorem gives EBL realizations for realizable polynomials of degree 4 with k 2 > 0 and k max 4 . Fig. 8 .
Theorem 22. Let k 1 , k 2 and k 3 verify the necessary conditions (76) with k 2 > 0. Then the following EBL matrices have
where δ is the largest real root of
, that is,
Remark 23. If k 3 = k lt 3 then δ = 3 and the realization given in (112) is equal to the realization given in (114).
Proof. (1)
The matrix is nonnegative because l 1 = x li > 0 when k 2 > 0 and δ ∈ [1, 3] . To see that this matrix has a characteristic polynomial with k max 4 (k 1 , k 2 , k 3 ) it is enough to see that l 4 is a double root. As l 4 > x ri we are at the right local minimum and therefore
(2) Again, the matrix is nonnegative because l 1 = x li > 0 when k 2 > 0. Let Q(x) be the characteristic polynomial of the matrix (114) for k 3 = k lt 3 . This polynomial verifies Q(x) > 0, ∀x ∈ (−∞, l max ), because Q has a double root where the right local minimum is attained. Theorem 21 assures that the realizations given for k 3 < k lt 3 have characteristic polynomials with k max 4 , because at l max they preserve the value attained by Q(x). Fig. 9 shows, for different values of k 3 , graphs of realizable polynomials with k max 4 , k 2 < 0 and k 1 and k 2 fixed. The thick continuous line represents the graph of a polynomial corresponding to k max 3 , which is characterized by having ρ and −ρ as roots, where ρ is its spectral radius. This feature is kept until ρ becomes a double root. This situation is represented in Fig. 9 with a dash-dotted line curve and corresponds to
The study of k
trlm from tangency at the right local minimum (see (83) for the definition of k eq 3 ). The existence of a double root at the spectral radius holds until the graph drawn with a broken line, which corresponds to 0 when (k 1 , k 2 ) is in the narrow region of Fig. 10, and it is positive when (k 1 , k 2 ) is in the shaded region bordering with the y-axis of the Fig. 10 .
The pairs (k 1 , k 2 ) used in Figs. 9, 11 and 12 correspond to the points represented on Fig. 10 . Note that these three points are on the parabola k max 2 − k 2 = c and so the distance between the inflexion points is the same in the three cases.
We shall now prove that the polynomials described above for the range k eq 3
Theorem 24. 
(1) For k trlm 
and m is the x-coordinate where x 4 + k 1 x 3 + k 2 x 2 + k 3 x attains its right local minimum, i.e.,
Remark 25. When k 3 = k trlm 3 the two realizations given are equal.
Proof.
(1) The matrix is nonnegative because k 2 0 and k 3 k eq 3 0. Its eigenvalues are
The value of k 3 /k max 3 is 1 when k 3 = k max 3 and decreases with k 3 until the spectral radius ρ =
Then the characteristic polynomial of (117) verifies Proposition 4 and so its value at zero is k max 4 . (2) Let us see that the matrix is nonnegative. Note that δ decreases when k 3 decreases (the x-coordinate where the right local minimum is attained grows when the derivate decreases). (k 1 , k 2 ) be the x-coordinate where the right local minimum of the balanced polynomial
The condition − 
and m is the x-coordinate where
Remark 27. When k 3 = k lmk 1 3 the two realizations given are equal. 
and the nonnegative character of d 1 follows from
Finally, let us see that t 0. Since k 1 + 4m > 0, the result follows if 2k 2 1 − 11k 1 m − 9k 2 − 22m 2 0, but the roots of this polynomial in m are
and the values of m for the range of k 3 considered are greater than the greatest of these roots because
(2) The nonnegative character of the matrix is a consequence of k 3 k
the result follows because the graph of the characteristic polynomial of the matrix is tangent to the x-axis at the unique real root. For other values of k 3 the result follows from Theorem 21. Note that for these polynomials P (l 4 ) = P (−k 1 ) = 0.
The case k
The condition k 2 < − with tangency at the right local minimum, because this implies non real complex roots, reducible realization and a value for l 4 greater than −k 1 .
We shall now obtain necessary conditions on the EBL realization patterns with k max 4 .
Lemma 28. Let k 1 , k 2 and k 3 verify the necessary conditions (76) with
Proof. Let us consider the characteristic polynomials of the following matrices:
When k 3 = k eq 3 this polynomial corresponds to k max 4 (whose graph is drawn with a dotted line in Fig. 13 ). For k 3 < k eq 3 all the polynomials meet the one considered for k 3 = k eq 3 at x = −k 1 /2, see Fig. 13 , and this is the only meeting point because the graphs of the derivatives of these polynomials are parallel. This assures that, for k 3 < k eq 3 , these polynomials have non real complex roots, and the same is true for any polynomial with equal k 1 , k 2 and k 3 and greater independent term. (1.2) If P admits a reducible realization, then P has a real root lower than or equal to −k 1 (allowing this root to be the greatest diagonal element, l 4 ). Then, the best option among the reducible ones (the one with the largest k 4 ) is the one with a root at −k 1 . A polynomial with k 1 , k 2 and k 3 verifying the conditions of the theorem and with a root at −k 1 has k 1 (k 3 − k 1 k 2 ) as independent term, and it is realizable by the nonnegative matrix 
(132) ( 2) The polynomial x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 1 (k 3 − k 1 k 2 ), realized by (132), guarantees that P (−k 1 ) 0. The result follows from (1.2).
The previous result finishes our study of the reducible realizations corresponding to k max 4 . Therefore, in what follows we concentrate our attention on describing the irreducible ones, where we know the maximum k 4 is attained, at least for values of k 3 close to k eq Now let Q 0 (x) and P 0 (x) be the characteristic polynomials obtained from the realizations of Q(x) and P (x) respectively on deminishing the entry (3, 1) by t min , that is
P 0 (x) = P (x) + t min x − t min l 4 .
Subtracting these equalities we get
If t min = k eq 3 − k 3 , then the realization that we have for Q 0 has no 3-cycles, i.e., it is balanced. As the graph of P 0 is above the graph of Q 0 , and P 0 is realizable, it should coincide with the graph of Q 0 . This means that P − Q = 0, which is impossible because P does not admit a reducible realization and Q does.
If t min < k eq 3 − k 3 , then t min = t and the realization of P 0 has no 3-cycles. It thus admits symmetric realization, i.e., it has four real roots. This is impossible because its graph is above the graph of Q 0 , and P 0 has a realization of the form (131) with the entry (3, 1) positive and so P 0 has non real complex roots. For this value of k 3 , as well as for the previous one k 3 = k cc 3 , the maximum of k ir 4 , as function of its first variable, is attained at l 4 = −k 1 = 1. Therefore, the realizations given by (148) are only different in the element (3, 1) and the polynomials Q(x) and R(x) have the same value at −k 1 , which is represented by a point on Fig. 14. Remark 36. Note that, as a result of the EBL realizations obtained for k max 4 , it can be said that any realizable polynomial of degree 4, x 4 + k 1 x 3 + k 2 x 2 + k 3 x + k 4 , is realizable by an EBL matrix of the type ⎛ ⎜ ⎜ ⎝
for this, it is sufficient to take the realization given in this paper corresponding to k max 4 (k 1 , k 2 , k 3 ) (all having d 2 = 0) and to put the corresponding c to go from the value of k max The techniques developed in this paper and the Newton identities, allow us to extend the already known result of obtaining necessary and sufficient conditions for a family of five complex numbers to be the spectrum of a nonnegative matrix of size 5 and trace 0. This problem was solved by Laffey and Meehan [11] in 1999 with tools and ideas completely different from ours. and then k 2p is maximum when t is maximum, which corresponds to t =
